
Folia Mathematica Acta Universitatis Lodziensis

Vol. 20, No. 1, pp. 17–27 c© 2018 for University of  Lódź Press

EXISTENCE AND CONTINUOUS DEPENDENCE ON

PARAMETERS OF SOLUTIONS TO CERTAIN TYPES OF

DIFFERENTIAL AND INTEGRAL EQUATIONS

MAREK MAJEWSKI‡

Abstract. The paper summarizes the results of two papers concerning
existence and continuous dependence on functional parameters of solutions

to fractional differential equation and integral equation of Volterra type. The

subject of the paper follows the trends of the research done in the Department
of Differential Equations and Computer Science of the University of Lodz in

recent years.

1. Introduction

The paper is an extended version of the lecture that I gave at the con-
ference organised in Lodz to celebrate the 20th anniversary of the Faculty
of Mathematics and Computer Science. It presents the results of my two
recent papers [9] and [13] (the first one is co-authored with R. Kamocki)
which follow the trends of the research done in the Department of Differ-
ential Equations and Computer Science in recent years. These research are
(a) differential equations with fractional order and optimal control prob-
lems governed by these types of equations, (b) application of the theorem
on diffeomorphisms between Banach and Hilbert spaces and implicit func-
tion theorem to the problem of continuous dependence on parameters of
solutions to some integral and integro-differential equations.

The paper is divided into two parts. The first part concerns the results of
paper [9] and includes some basic facts on fractional calculus. The second
part summarizes the results of paper [13] which shows the application of
”the method of diffeomorphism and implicit function theorem” to investi-
gate the sensitivity of control systems. This was the topic of many papers
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published by my Colleagues from the Department of Differential Equations
and Computers Science in recent times.

2. Fractional Dirichlet Problem

2.1. Fractional integrals and derivatives. We begin by recalling the
basic definitions and notions.

Let us consider for any integrable function x ∈ L1
(
[a, b] ,Rk

)
and any

α > 0 the following operators(
Iαa+x

)
(t) :=

1

Γ (α)

∫ t

a

x(τ)

(t− τ)1−αdτ, for a.e. t ∈ [a, b] ,(1)

(
Iαb−x

)
(t) :=

1

Γ (α)

∫ b

t

x(τ)

(τ − t)1−αdτ, for a.e. t ∈ [a, b] .(2)

It is said that x ∈ L1 ([a, b] ,Rn) possesses the left Riemann-Liouville deriv-
ative Dα

a+x of order α ∈ (0, 1) on the interval [a, b], iff the function I1−α
a+ x

is absolutely continuous on [a, b]. In such a case Dα
a+x := d

dt(I
1−α
a+ x).

Similarly, it is said that x ∈ L1 ([a, b] ,Rn) possesses the right Riemann-
Liouville derivative Dα

b−x of order α ∈ (0, 1) on the interval [a, b] iff the func-

tion I1−α
b− x is absolutely continuous on [a, b]. We defineDα

b−x := − d
dt(I

1−α
b− x).

For α > 0 and x ∈ L1 ([a, b] ,Rn) the functions Iαa+x and Iαb−x defined
by (1) and (2) are called the left and the right Riemann-Liouville integral
of order α of function x, respectively. If we additionally put I0

a+x = x and
I0
b−x := x, for x ∈ L1 ([a, b] ,Rn) we may extend the notion of fractional

derivatives to the order α = 1.
The main concepts of fractional calculus were introduced by Riemann,

Abel, Dirichlet and Liouville in the 19th century. As an interesting titbit
it is worth mentioning that Niels Abel was probably the first who solved
the physical problem using the techniques of fractional calculus. He was
investigating the so-called problem of tautochrona, that is the curve for
which the time taken by an object sliding without friction in uniform gravity
to its lowest point is independent of its starting point, and he derived its
equation associating it with the following integral equation (see [14])

(3) T =
1√
2g

∫ y

0

h′(η)

(y − η)
1
2

dη.

Without going into details, y denotes the second coordinated of the start-
ing point, h – the length of the path passed by the point measured along the
curve from the starting point and T – the time of the motion (independent
on y).
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Applying the notion of the left-sided integral in the Riemann-Liouville
sense equation (3) can be written in the form√

2g

π
T =

(
I

1
2
0+ϕ

)
(y),

where ϕ = h′.
In fact, in the literature a homogenous Volterra integral equation of the

form
1

Γ(α)

∫ t

a

ϕ(τ)

(t− τ)1−αdτ = f(t),

is known as the Abel equation.
On the other hand the notion of the fraction integral can be viewed as a

generalization of the well-known Cauchy formula∫ t

a

(∫ t1

a
...

(∫ tn−2

a

(∫ tn−1

a
ϕ (tn) dtn

)
dtn−1

)
dtn−2...

)
dt1

=
1

(n− 1)!

∫ t

a

ϕ (τ) dτ

(t− τ)1−n = (Ina+ϕ)(t)

for a.e. t ∈ [a, b], where ϕ ∈ L1
(
[a, b] ,Rk

)
and n ∈ N.

In recent times, there has been extremely rapid growth in the number of
works in the field of differential equations with fractional derivatives. Un-
fortunately, many of these works contain many inaccuracies or even errors.
An interesting discussion on the prospects of development in this area can
be found in [12].

2.2. Statement of the differential problem. In paper [9] we consider
the following fractional Dirichlet problem

fx
(
t, x (t) ,

(
Dα
a+x

)
(t) , u (t)

)
+Dα

b−fy
(
t, x (t) ,

(
Dα
a+x

)
(t) , u (t)

)
= 0,(4)

I1−α
a+ x (a) = x (a) = x (b) = 0,(5)

where f = f (t, x, y, u) : [a, b]× Rn × Rn × Rm → R, α > 1
p and p > 1.

It is worth pointing out that for the special form of the function f , that
is

f(t, x, y, u) =
1

2
|y|2 + F (t, x),

equation (4) has the form(
Dα
b−D

α
a+x

)
(t) + Fx (t, x (t)) = 0

and for the classical case α = 1, for which we have Dα
b−D

α
a+x = −ẍ, we

additionally get the classical Newton eqaution

ẍ (t) = Fx (t, x (t)) .
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The problem of the existence of solutions to the equation

(6)
(
Dα
b−D

α
a+x

)
(t) + Fx (t, x (t)) = u (t) .

was investigated among others in [15], where the author interprets it as the
equation of fractional forced pendulum. The linear case of (6) i.e.(

Dα
b−D

α
a+x

)
(t) = λx (t)

describes so-called fractional oscillator (see [1, 2, 10, 15]) and it can be
applied to the problem of emptying a silo (see [11]).

Equation (4) has a variational structure – it is an Euler-Lagrange equation
for the following functional of action

Ju(x) =

∫ b

a
f(t, x(t), (Dα

a+x)(t), u(t))dt

defined on the space

Hα,p
0 :=

{
x ∈ Iαa+ (Lp ([a, b],Rn)) : x (b) = 0

}
,

where p > 1 and α > 1
p .

On parameters u we assume that

u ∈ U := {u ∈ L∞ ([a, b] ,Rm) : u (t) ∈M} ,
where M ⊂ Rm is a fixed convex and closed set.

If α ∈ (1
p , 1) and p > 1 then the space Iαa+ (Lp ([a, b],Rn)) (and conse-

quently the space Hα,p
0 ) with the norm

‖x‖ =

(∫ b

a

∣∣Dα
a+x (t) dt

∣∣2) 1
2

is a reflexive Banach space. Moreover, we have

Lemma 1 (see [6, 4]). For α ∈
(

1
p , 1
)

, where p > 1, we have that if x (.) ∈
Iαa+

(
L2 ([a, b],Rn)

)
then x (.) is continuous and I1−α

a+ x (a) = x (a) = 0.

Lemma 2 (see [6, 4]). Assume α ∈
(

1
p , 1
)
. If (zk(.)) ⊂ Iαa+ (Lp) and zk(.) ⇀

z0(.) weakly Iαa+ (Lp), then Dα
a+xk(.) ⇀ Dα

a+x0(.) weakly in Lp and zk(.) ⇒
z0(.) uniformly on [a, b] .

We shall assume that

(A1) The functions f, fx, fy, fu are of Carathéodory’s type i.e. f (·, x, y, u),
fx (·, x, y, u), fy (·, x, y, u), fu (·, x, y, u) are measurable for (x, y, u)
and f (t, ·, ·, ·), fx (t, ·, ·, ·), fy (t, ·, ·, ·), fu (t, ·, ·, ·) are continuous for
a.e. t ∈ [a, b] .
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(A2) The function f (t, x, ·, u) is convex for a.e. t ∈ [a, b] and every x ∈
Rn, u ∈ Rm.

(A3) There are functions a0(·) ∈ C (R+,R+) , b0(·) ∈ L1 ([a, b] ,R+) ,
c0(·) ∈ Lq ([a, b] ,R+), where 1

p + 1
q = 1 such that

|f (t, x, y, u)| ≤ a0 (|x|) (b0 (t) + |y|p) ,
|fx (t, x, y, u)| ≤ a0 (|x|) (b0 (t) + |y|p) ,

|fy (t, x, y, u)| ≤ a0 (|x|) (c0 (t) + |y|p−1),

|fu (t, x, y, u)| ≤ a0 (|x|) (b0 (t) + |y|p) ,

for a.e. t ∈ [a, b] and every x, y ∈ Rn, u ∈M .
(A4) There are constants a1 > 0, a2, b1, b2 ≥ 0 and a function d0(·) ∈

L1 ([a, b],R) such that

f (t, x, y, u) ≥ a1 |y|p − b1|y| − a2 |x|p − b2|x|+ d0(t)

and a1 − a2
(b−a)αp

(Γ(α+1))p
> 0, for a.e. t ∈ [a, b] and every x, y ∈ Rn,

u ∈M .

2.3. Existence and continuous dependence of solutions. We have

Theorem 1 (see [9]). For any fixed u ∈ U there exist at least one solution to
(4)–(5) global minimizer xu ∈ Hα,p

0 for Ju i.e. Ju (xu) = infx∈Hα,p
0
Ju (x) .

Moreover, the set of all global minimizers

V :=

{
xu ∈ Hα,p

0 : Ju (xu) = inf
x∈Hα,p

0

Ju (x) and u ∈ U

}
is bounded i.e. there exists a ball B (0, ρ) ⊂ Hα,p

0 , ρ > 0 such that V ⊂
B (0, ρ) .

The existence of minimizers is obtained from the appropriate version of
the Weirstrass theorem. The coercivity of the functional Ju (which follows
from (A4)) gives the boundedness of minimizing sequences and, thanks
to the reflexivity of the domain Hα,p

0 , also weak compactness. Finally the
functional is weakly (sequentially) lower semicontinuous. To prove the fact
that the set of all minimizers is bounded the key-point is the fact that the
support of function f assumed in (A4) does not depend on u.

For the equality of the sets of minimizers and solutions we need some
additional assumption.

Theorem 2 (see [9]). Assume instead of (A2) that the following stronger
assumption is satisfied

(A2’) the function f (t, ·, ·, u) is convex for a.e. t ∈ [a, b] and every u ∈ Rm.
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Then, any solution to (4)–(5) is a minimizer for Ju. In other words, for any
u ∈ U the set of solutions to (4)–(5) coincides with the set of minimizers
for Ju. In particular, the set of all solutions is bounded.

Another result of the paper is connected with continuous dependence of
solutions to (4)–(5) on parameter u.

The problem, however, lies in the fact that under general assumptions,
for a fixed control u the critical point of the functional Ju does not need to
be unique and consequently we can obtain many solutions to (4)–(5). So,
how to understand the continuous dependence of solutions? We apply here
the approach based on the concept of the upper limit in the Kuratowski-
Painlevé sense. This idea was proposed by S. Walczak in [16] and later
developed by his students and colleagues, among whom I am pleased to be
counted.

Let (X, τ) be a topological space and (Vk)k∈N be a sequence of subsets of
X. The upper limit of the sequence (Vk)k∈N is defined as the set of all cluster
points of all sequences (vk)k∈N such that vk ∈ Vk for k ∈ N. We denote the
above set by LimSupVk.

Let (uk) ⊂ U and u0 ∈ U . Next, let

Jk (x) := Juk (x) =

∫ b

a
f
(
t, x (t) ,

(
Dα
a+x

)
(t) , uk (t)

)
dt for x ∈ Hα,p

0

and

Vk :=

{
xk ∈ Hα,p

0 : Jk (xk) = inf
x∈Hα,p

0

Jk (x)

}
.

We have

Theorem 3 (see [9]). If uk → u0 in L∞ then ∅ 6= LimSupVk ⊂ V0, where
the upper limit is considered in the sense of the weak topology of Hα,p

0 .

2.4. Some applications – the Lagrange problem. Finally, we can
apply the above result to investigate the following problem:
minimize

(7) L (u, x) :=

∫ b

a
L(t, x (t) ,

(
Dα
a+x

)
(t) , u (t))dt

subject to

(8) fx
(
t, x (t) ,

(
Dα
a+x

)
(t) , u (t)

)
+Dα

b−fy
(
t, x (t) ,

(
Dα
a+x

)
(t) , u (t)

)
= 0,

(9) x ∈ Hα,p
0 ,

(10)
u ∈ UK := {u ∈ U : |u (t1)− u (t2)| ≤ K |t1 − t2| for a.e. t1, t2 ∈ [a, b]},
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i.e. x is any solution to (8) corresponding to u ∈ UK , K > 0 is a given
number.

We have

Theorem 4 (see [9]). Suppose that

(1) L : [a, b] × Rn1 × Rn1 3 (t, x1, x2, u) 7→ L (t, x1, x2, u) ∈ R is mea-
surable in t for every (x1, x2, u) , continuous in (x1, x2, u) for almost
all t and convex in (x1, x2) for almost all t and all u,

(2) there exists a function ψ ∈ L1 ([a, b] ,R+) and a constant C > 0 such
that

L (t, x1, x2, u) ≥ −ψ (t)− C (|x2|+ |u|)
then problem (7)–(10) has a solution.

3. Control system defined by integral operator – application
of the implicit function theorem

3.1. Theorem on diffeomorphism and implicit function theorem.
In paper [7] the authors proved the following theorem

Theorem 5. Let X be a real Banach space, H – a real Hilbert space. If
T : X → H is a C1 mapping such that

10 for any v ∈ H the functional

ϕ : X 3 z 7→ 1

2
‖T (z)− v‖2H ∈ R

satisfies Palais-Smale condition,
20 for any z ∈ X the differential T ′ (z) is a bijective operator between

spaces X and H (i.e. T ′ (z) : X → H is one-to-one operator),

then T is a diffeomorphism.

Also, in the same paper the authors showed how to apply the above
theorem to prove the existence and smooth dependence on a parameter u
of solutions to the following integro-differential problem

x′(t) +

∫ t

0
Φ(t, τ, x(τ))dτ = u(t).

The smooth dependence is quite important from the practical point of
view. It implies that control system is stable and robust. First of all let
us explain that here the stability means that solution xu depends contin-
uously on parameter u. In engineering robustness is usually understood as
the ability of a system to resist change without adapting its initial stable
configuration – see [5]. If the dependence of solutions on u is of class C1 we
can say something about robustness since, as we wrote in [13], If the oper-
ator u 7→ xu is differentiable then the change of the solution caused by the
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change of parameter is not rapid. The speed of this change can be expressed
by the derivative of the operator u 7→ xu, which measures the resistance of
the system to the change of u.

In [13] we consider the following system described by a nonlinear integral
equation of the Volterra type with a functional parameter u

x (t) +

∫ t

0
V (t, τ, x (τ) , u (τ)) dτ = 0, t ∈ [0, 1] .

The aim of paper [13] is to prove theorem on the existence and smooth
dependence of solutions on functional parameter u referred to as a control.
However, we apply here a generalization of Theorem 5, namely

Theorem 6 (see [8]). Let X,Y be real Banach spaces, H — a real Hilbert
space. If F : X × Y → H is of class C1 and

(a) the differential Fx (x, y) : X → H is bijective for any (x, y) ∈ X×Y ,
(b) the functional

f : X 3 x 7→ 1

2
‖F (x, y)‖2 ∈ R

satisfies the Palais–Smale condition for any y ∈ Y,
then there exists a unique function λ : Y → X such that the equation
F (x, y) = 0 and λ (y) = x are equivalent in the set X × Y. The above
function λ is of class C1 with derivative given by formula

(11) λ′ (y) = − [Fx (λ (y) , y)]−1 ◦ Fy (λ (y) , y)

for y ∈ Y.

We recall that a sequence (xs) ⊂ X is said to be Palais-Smale sequence
(PS) for functional f : X → R if there is a constans R > 0 such that
‖f(xs)‖ ≤ R and f ′ (xs) → 0 as s → ∞. We say that f satisfies Palais-
Smale (PS) condition if any (PS) sequence admits a convergent subsequence.

The novelty of the approach in [13] lies in the application of the so-
called Bielecki norm in order to check the condition (b) of Theorem 6 (see
Subsection 3.2). This allows to get rid of troublesome and quite peculiar as-
sumption, which appeared in earlier papers, where the similar methods were
applied. This is the growth condition of the integrand of the investigated
equation.

3.2. Problem statement. Consider the following integral system

(12) x (t) +

∫ t

0
V (t, τ, x (τ) , u (τ)) dτ = 0, t ∈ [0, 1] ,

where V : P4 × Rn × Rk → Rn, I is the unit interval in R, i.e. I := [0, 1]
and P4 :=

{
(t, τ) ∈ R2 : 0 ≤ τ ≤ t ≤ 1

}
. We consider system (12) in the
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space H̄1 = H̄1 (I,Rn) of absolutely continuous functions x : I → Rn
such that x (0) = 0 and the derivative ẋ is a square integrable function i.e.
ẋ ∈ L2 (I,Rn). On the parameter (control) u we assume that u ∈ U :=
L∞

(
I,Rk

)
.

The space H̄1 is considered with the following norm

(13) ‖x‖m :=

(∫ 1

0
e−mt · |ẋ (t)|2 dt

) 1
2

,

where m > 0 is a suitably chosen number. Also, in H̄1 we can define the
inner product

(14) 〈x, y〉m :=

∫ 1

0
e−mt 〈ẋ (t) , ẏ (t)〉Rn dt,

which defines the norm ‖·‖m and consequently the space H̄1 is a Hilbert
space.

In what follows we shall assume

(B1) the function V (·, τ, ·, ·) is continuous on the set G := I×Rn×Rk for
a.e. τ ∈ I; there exist derivatives Vt, Vx, Vxt, Vu, Vut and the func-
tions Vt (·, τ, ·, ·), Vx (·, τ, ·, ·), Vxt (·, τ, ·, ·), Vu (·, τ, ·, ·), Vut (·, τ, ·, ·)
are continuous on G for a.e. τ ∈ I,

(B2) the functions V, Vt, Vx, Vxt, Vu , Vut are measurable with respect to
τ for (t, x, u) ∈ I × Rn × Rk and locally bounded with respect to x
and u i.e. for any ρ1, ρ2 > 0 there exists a function M ∈ L2 (I,R)
such that

|V (t, τ, x, u)| , |Vt (t, τ, x, u)| , |Vx (t, τ, x, u)| , |Vxt (t, τ, x, u)| ,
|Vu (t, τ, x, u)| , |Vut (t, τ, x, u)| ≤M (τ)

for t ∈ I, |x| ≤ ρ1, |u| ≤ ρ2 and a.e. τ ∈ I.
(B3) for any u ∈ L∞

(
I,Rk

)
there exists a constant Ā > 0 and functions

B1, C ∈ L2 (I,R+) and A,B2 ∈ L2 (P4,R+) such that∫ t

0
A2 (t, τ) dτ ≤ Ā2

for a.e. t ∈ [0, 1] and

|V (t, t, x, u (t))| ≤ C (t) |x|+B1 (t)

for x ∈ Rn and a.e. t ∈ I and

|Vt (t, τ, x, u (τ))| ≤ A (t, τ) |x|+B2 (t, τ)

for x ∈ Rn and a.e. (t, τ) ∈ P4.
3.2. The main result. The main result of paper [13] is
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Theorem 7. If the function V satisfies assumptions (B1)–(B3) then for
any admissible parameter (control) u ∈ L∞

(
I,Rk

)
there exists uniquely

defined solution (trajectory) xu to (12). Moreover, the operator

U 3u 7→ xu ∈ H̄1

is of C1 class (it is continuously differentiable in the Fréchet sense).

To prove Theorem 7 we define the operator F : H̄1 × L∞
(
I,Rk

)
→ H̄1

by

(15) F (x, u) (t) := x (t) +

∫ t

0
V (t, τ, x (τ) , u (τ)) dτ

and apply Theorem 6.
The first step is to prove that the operator F is continuously Fréchet

differentiable at every point (x, u) ∈ H̄1 × L∞
(
I,Rk

)
and the differential(

F ′x (x, u) (h)
)

(t) = h (t) +

∫ t

0
Vx (t, τ, x0 (τ) , u0 (τ))h (τ) dτ

is bijective which follows from general theory of integral equations.
The second step is to fix u and to prove that the functional ϕu :=

1
2 ‖F (x, u)‖20 is coercive, i.e. ϕu (xs) → ∞ if ‖xs‖0 → ∞. To prove it is
enough to prove that

‖F (x, u)‖m ≥ ‖x‖m − ‖C‖L2,m

‖x‖m√
m
− Ā
‖x‖m
m

+D,

for some constant D does not depend on (x, u) and, consequently, for suffi-
ciently large m > 0, we have that ‖F (xs, u)‖m →∞ if ‖xs‖m →∞.

Finally, we prove that ϕu satisfies (PS) condition for any u ∈ L∞
(
I,Rk

)
,

but here the fact that ϕu is coercive is crucial — this means that any (PS)
sequence (xs) ⊂ H̄1 for ϕu is weakly compact.

3.3. Future prospects for research. Theorems 5 and 6 were applied
by my Colleagues from Department of Differential Equations and Computer
Science to investigate many various kinds od integral and integro-differential
equations. However, special attention should be paid to paper [3] where the
author considers the equation

λx(t) +

∫ 1

−1
G(t, τ)h(τ, x(τ))dτ = z(t)

and then applies the obtained result to the equation

λ (−4)−σ/2 x(t) + h(t, x(t)) = (−4)−σ/2z(t).
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We do hope that the differential problems with fractional Laplacian (−4)−σ/2

will be in the future the subject of a more in-depth research project doing
in our department that will result many interesting papers.
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