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GEOMETRIC STRUCTURES ON RIEMANNIAN AND
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Abstract. This is a survey article on the occasion of 20th anniversary of the
Faculty of Mathematics and Computer Science of the University of Lodz. We

list some recent results obtained by members of the Chair of Geometry of the

Faculty. Results concern study of geometric structures on Riemannian and,
in more generality, Finsler manifolds. In particular, several types of integral

formulae for foliations and distributions have been obtained and conditions

for minimality of Riemannian G–structures. Finally, some entropy estimates
have been derived, where the entropy is calculated for the group actions.

1. Introduction

On a Riemannian manifold (M, g) we may consider additional structure
such as distribution (or foliation), (almost) hermitian, (almost) metric con-
tact, (almost) quaternionic-hermitian, etc. Each structure may be defined
by a reduction of the structure group SO(n) (assuming M is oriented) of
the (oriented) orthonormal frame bundle to SO(m)× SO(n−m) (here, m
is a dimension of the distribution), U(n2 ), U(n−1

2 ) × 1, Sp(n4 )Sp(1), etc.,
respectively. In order to study properties of geometric structures it is con-
venient to introduce invariants of considered structure. The general notion,
which measures non–integrability of a structure is, so called, intrinsic tor-
sion. In the case of a distribution, intrinsic torsion is build from the second
fundamental forms of the given distribution and the orthogonal distribution.

Let us first concentrate on the case of distributions and, in particular,
foliations. If the codimension is equal to one and there is global smooth
unit normal vector field, then the second fundamental form, denoted by B,
takes real values, so we may consider its eigenvalues κ1, . . . , κn−1. These are
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called principal curvatures. We may consider symmetric functions of these
variables,

σr =
∑

j1<...<jr

κj1 . . . κjr .

These invariants exist only in the codimension one case. In [1] the au-
thors considered generalization of these objects to any codimension (σu in
the formula below) obtaining new integral formulae. The main tool is the
Generalized Newton transformation, which comes from the characteristic
polynomial of many variables

(1) χ(t) = det(I + t1A1 + . . .+ tqAq) =
∑
u

σut
u, t = (t1, . . . , tq),

applied to families of shape operators (A1, . . . , Aq), where q is the codimen-
sion and u = (u1, . . . , uq) ∈ Nq0. The use of this characteristic polynomial
in the geometric context was initiated by Rovenski and Walczak [21]. They
applied it to family obtained from the shape operator and the curvature
tensor on the symmetric spaces. It allowed to obtain many interesting
formulas concerning intrinsic and extrinsic geometry of codimension one
distributions.

The well known equality obtained by Walczak in [27]

div(H +H⊥) = ‖B‖2 + ‖B⊥‖2 + smix − ‖H‖2 − ‖H⊥‖2 − ‖T‖2 − ‖T⊥‖2

leads, by the Stokes theorem, to useful and applicable in many contexts
integral formula. Here, H is the mean curvature, T is the integrability
tensor, B is the second fundamental form; ⊥ added to a tensor denotes the
same objects but for the distribution orthogonal to the given one and smix is
the mixed scalar curvature (see the following sections). This approach has
been successfully applied to other vector fields induced by mean curvature
vectors and its derivatives [14].

All above mentioned results can be (possibly) generalized to the case of
Finsler manifolds, i.e., manifolds equipped with the Finsler structure, which
comes from the norm (not necessary the metric) in the tangent space. This
has been done by Rovenski and Walczak [23, 24] by generalizing results from
their earlier work.

For general G–structures, the author have considered minimality condi-
tion. More precisely, he established necessary and sufficient conditions for
minimality of a G–structure P inside oriented orthonormal frame bundle
SO(M) (clearly, we assume that M is orientable). This leads to the differen-
tial condition on the intrinsic torsion and is equivalent to the harmonicity of
a certain section of unique associated homogeneous bundle [17, 18]. Intrinsic
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torsion is given by certain component of the connection form of the Levi–
Civita connection and may be realized as a difference of the Levi–Civita
connection and the minimal G–connection. The condition of minimality is
hard to interpret and, therefore, it is not easy to find nontrivial examples of
minimal G–structures. However, such exist, what was shown in the recent
paper [19] in the case of almost hermitian and almost quaternion–hermitian
structures, which are locally conformally integrable.

Finally, we wish to indicate the results concerning more dynamical rather
that geometric approach concerning entropy. More precisely, entropy of
group and pseudo group actions on Riemannian manifolds or, even, metric
measure spaces [4]. The main results concern relations between topological
entropy and measure entropy.

This list of recent results obtained by the members of the Chair of Geome-
try of the Faculty of Mathematics and Computer Science of the University of
Lodz is not complete. P. Walczak, together with R. Garcia and R. Langevin,
studied Darboux curves in the series of papers [8, 9, 10]. Moreover, A. Bís
and W. Koz lowski recently studied different types of entropy–type invari-
ants obtaining some interesting results [5] and M. Czarnecki together with
R. Langevin have considered totally umbilical foliations in the hyperbolic
space via the Sitter space [7]. It is impossible to describe all results in one
paper. The choice of the author was limited to certain topics which are
related with the research of the author.

Acknowledgment. The author wishes to thank all members of the Chair
of Geometry at the Department of Mathematics and Computer Science of
the University of Lodz for useful conversations. Additionally, the author
wishes to thank Pawe l Walczak for support and the opportunity to write
this survey article.

2. Integral formulea on Riemannian manifolds

Let (M, g) be a Riemanian manifold with the Levi–Civita connection ∇
and let D be a codimension q distribution on M . Denote by B the second
fundamental form of D,

B(X,Y ) =
1

2
(∇XY +∇YX)⊥ , X, Y ∈ D,

where X⊥ denotes the component of X orthogonal to D. If N is a vector
orthogonal to D, then the equality

g(B(X,Y ), N) = g(AN (X), Y ), X, Y ∈ D,
defines the shape operator AN : D → D. B is symmetric and AN is self-
adjoint. If q = 1 and unit global smooth vector field N exists and is fixed,
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then B, or AN , has real eigenvalues κ1, . . . , κn. These global functions on
M are called principal curvatures of D. Thus we may consider symmetric
functions

σr =
∑

j1<...<jr

κj1 . . . κjr .

Notice that σ1 is the mean curvature. We put σ0 = 1. Moreover, the
characteristic polynomial of AN equals

det(I + tAN ) =
∑
r

σrt
r.

The information about derivative of σr is coded in, so called, Newton trans-
formation Tr : D → D, which may be defined by the formula

Xσr+1 = tr(∇XAN · Tr), X ∈ TM.

Newton transformation is, in fact, an endomorphism (of a vector space)
defined by d

dtσr+1(t)t=0 = tr( ddtA(t)t=0 · Tr), where A(t) is one parameter
family of endomorphisms such that A(0) = A.

In [3] authors obtained the following integral formula.

Theorem 2.1 ([3]). Assume M is closed and D is integrable. Then

(2)

∫
M
g(divTr,∇NN)− (r + 2)σr+2 + tr(R(N)Tr) volM = 0,

where R(N) : D → D is the curvature operator, R(N)X = R(X,N)N .

The aim of K. Andrzejwski, W. Koz lowski and and the author was to
generalize this approach to higher codimension. This leads to General-
ized Newton transformation. Let us describe this object in more detail
[1]. Let A = (A1, . . . , Aq) be a family of endomorphisms of a finite di-
mensional vector space V . The generalized symmetric function σu, where
u = (u1, . . . , uq) ∈ Nq0, is defined by the characteristic polynomial,

det(I + t1A1 + . . .+ tqAq) =
∑
u

σut
u,

where t = (t1, . . . , tq) and tu = tu11 . . . t
uq
q . Then the generalized Newton

transformation of the family A is a family of endomorphisms (Tu) defined
by the relation

d

dt
σu(t)t=0 =

∑
j

tr

(
d

dt
Ai(t)t=0 · Tj[(u)

)
,

where A(t) is a one parameter family such that A(0) = A and j[(u) =
(u1, . . . , uj − 1, . . . , uq) is an operation of subtracting 1 on the j–th coor-
dinate. We may apply this approach to family of shape operators A(e) =
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(Ae1 , . . . , Aeq), where e = (e1, . . . , eq) is an orthonormal basis in the normal

bundle D⊥ to the distribution D. Since family A depends on the choice of
the orthonormal basis we need to adopt the following bundle approach.

Let P be the bundle of (oriented, if D is transversally orientable) or-
thonormal frames of D⊥. This is a principal bundle over M with the
structure group O(q) (or SO(q), respectively). We define the Riemann-
ian metric on P by inducing the Riemannian metric g from M and the
(negative of the) Killing form on SO(q). Then the projection π : P → M
is a Riemannian submersion. Thus the integration on P , is by Fubini the-
orem, integration on M and on G. To any basis (x, e) ∈ Px we may asso-
ciate the family A(x, e) = (A1(x, e), . . . , Aq(x, e)) of shape operators, where

Aj(x, e) = Aej(x). Thus we have the generalized symmetric functions σu
defined on P . Define the total extrinsic curvatures σMu by

σMu =

∫
P
σu volP .

Notice moreover that the Generalized Newton transformation (Tu) depends
on the choice of element in P and for each (x, e) ∈ Px, Tu(x, e) : Dx → Dx.
Before stating main result let us introduce the curvature type operator Rjk,

Rjk(x, e) : Dx → Dx, Rjk(x, e)X = (R(X, ej)ek)
>,

where (ej) is an orthonormal basis in the normal bundle D⊥. Moreover,

denote by H⊥ the mean curvature vector of D⊥. We have the following
integral formulae.

Theorem 2.2 ([1]). Assume M is closed and D is integrable. Then for any
multi–index u the following formulae hold

0 =
∑
j,k

∫
P

(
tr(RjkTk[j[(u)) + g(divETk[j[(u), (∇ejek)>)

− g(H⊥, Tk[j[(u)(∇ejek)>) +
∑
l

g(Tk[j[(u)(∇ejel)>, (∇elek)
>

− 1

|u| − 1
(tr(Aj)tr(AkTk[j[(u) − tr(AjAkTk[j[(u))

)
volP .

(3)

and

|u|σMu =

∫
P

(
tr(RjkTk[j[(u)) + g(divETk[j[(u), (∇ejek)>)

− g(H⊥, Tk[j[(u)(∇ejek)>) +
∑
l

g(Tk[j[(u)(∇ejel)>, (∇elek)
>) volP ,

(4)



8 Kamil Niedzia lomski

where the divergence of Tu may be defined as follows

divETu =
∑

1≤s≤|u|

∑
j1,...,js

(−1)s−1Aj1 . . . Ajs−1(trDR(ejs , T(js)[...(j1)[(u)·)·)>.

Let us remark, that above theorem may be stated for non–integrable dis-
tributions, with some slight modifications. Namely, in such case generalized
Newton transformation is not self–adjoint and we need to consider, in some
summands, operator T ∗u adjoint to Tu. Moreover, the divergence divETu
may be defined in a classical way, as a divergence of a section of appropriate
vector bundle E [1].

These formulae have some implications. For example, they lead to the
following non–existence result and result on the global extrinsic curvatures.

Corollary 2.3 ([3]). There exists no smooth codimension one foliations on
an Einstein manifolds with constant sectional curvature whose leaves have
constant σ2.

Corollary 2.4 ([1]). Assume M is closed and of constant sectional curva-
ture κ. Let D be a foliation on M with totally geodesic and integrable normal
bundle D⊥. Then global extrinsic curvatures σu depend on the volume of
M , dimension of D and κ only.

It can be shown, taking u = (0, . . . , 0, 2, 0, . . . , 0) that the integral formula
(3) (for possibly non–integrable distributions) generalizes the well–known
Walczak formula [27]∫

M
‖B‖2 + ‖B⊥‖2 + smix − ‖H‖2 − ‖H⊥‖2 − ‖T‖2 − ‖T⊥‖2 volM = 0,

Here, T and T⊥, H and H⊥ are integrability tensors and mean curvature
vectors of D and D⊥, respectively, whereas smix is a mixed scalar curvature,

smix =
∑
a,j

g(R(ea, ej)ej , ea),

where (ea) is an orthonormal basis for D and (ej) is an orthonormal basis

for D⊥. This formula follows by computing the divergence of the vector field
H + H⊥. This kind of approach was used by Lużyńczyk ans Walczak to
obtain new integral formula. They computed the divergence of the following
vector field

AH(H⊥) +AH
⊥

(H)

obtaining new integral formula on closed, oriented manifolds [14].
A reader interested in integral formulae on foliated manifolds we refer to

a recent survey [2] and to a book [22].
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3. Integral formulae on Finsler manifolds

Rovenski and Walczak in [23, 24] generalized theirs previous results [21]
to the cae of Finsler manifolds. Let us introduce these results, by showing
the difficulties and differences with the case of a Riemannian structure.

Recall that a Finsler manifolds is a manifold equipped with a non–
negative function F : TM \ {0} → R of the tangent bundle without the
zero section such that

(1) F (λv) = λF (v) for nonzero v ∈ TM and λ ≥ 0,
(2) for any nonzero v ∈ TxM , x ∈M , the following symmetric form

gv(X,Y ) =
1

2

∂2

∂t∂s
F (v + tX + sY )t=s=0, X, Y ∈ TxM,

is positive definite.

Notice that these conditions imply triangle inequality, F (v + w) ≤ F (v) +
F (w). F plays a role of the norm in the tangent space. We say that a vector
N ∈ TxM is normal to a subspace D ⊂ TxM if gN (N,X) = 0 for all X ∈ D.
It can be shown that there are two normal, i.e. F (N) = 1, directions to D.
Thus for a codimension one foliation F , we may speak about normal vector
field N to F (if it is smooth).

Let us roughly describe how to generalize classical objects from Riemann-
ian to Finsler setting. So called Finsler spray on TM \ {0} induces the
notions of covariant derivative D, parallel transport, geodesic, exponential
map and Riemannian curvature R (see [25, 23]). Namely, for a curve c(t)
and a vector field X(t) along c we put

DċX =
∑
j,k,l

(uj + Γjkl(ċ)ċ
kX l)∂xj ,

where Γjkl = 1
2

∑
p g

jp(
∂glp
∂xk

+
∂gkp
∂xl
− ∂glk

∂xp ) is a 0–homogeneous function on

TM \ {0}. Moreover, R is defined by the Jacobi equation, which we may
define as follows: Let c(t) be a (Finsler) geodesic. A map H : (−ε, ε) ×
[0, 1] → M is called a geodesic variation for c if H(0, t) = c(t) and cs(t) =
H(s, t) is a geodesic. For such variation we may define its variation field
Y = ∂

∂sH(0, t) along c(t). Then

(5) DċDċY +Rċ(Y ) = 0.

In general, vector field Y satisfying (5) is called Jacobi. We will need higher
derivative of R along a curve c:

R
(1)
ċ(t)(X(t)) = Dċ(t)Rċ(t)(X(t)).

Now, we may concentrate on the main results of [23]. Assume F is a
codimension one transversally orientable foliation on the Finsler manifold
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(M,F ). Then there is a unit normal vector field to F , denoted by N . The
shape operator A of F is defined with the use of the distance function (not
with the use of N as in a Riemannian setting). Choose a leaf L ∈ F and
a point x ∈ L. The distance function ρ from the leaf L is smooth in some
neighborhood of L (except from L). Then A(X) = −∇̂X∇ρ, where ∇̂ is the
Levi–Civita connection of (local) Riemannian metric g∇ρ.

Denote by ϕt the one parameter family of diffeomorphisms of M , 0 ≤ t <
ε, given by

ϕt(x) = expx(tN), x ∈M.

Fix a point x ∈M. Let c be the geodesic such that c(0) = x, ċ(0) = N .
Then geodesic variation build on ϕt–trajectories define Jacobi field Y (t)
along c such that A(Y (0)) = −(Dċ(t)Y (t))t=0. Let (e1, . . . , en) be positively
oriented gνx–orthonormal basis of TxF and extend this basis using parallel
transport along c to the basis (E1

t , . . . , E
n
t ). Then it is gċ–orthonormal.

Moreover, denote by Y j(t) Jacobi field along c such that Y j(0) = ei and
DċY

j(0) = A(ej). Now we may form two matrices with the following entries

R(t)jk = gċ(t)(Rċ(t)(E
j
t ), E

k
t ), Y(t)jk = gċ(t)(Y

j(t), Ekt ).

Then Y(0) = I, Y′(0) = Ax and |Jϕt(x)| = detY(t).

Assume R
(1)
ċ = 0 for all geodesics c. Then by the relation Y(t) =

−R(t)Y(t) we have

Y(2k)(0) = (−R(0))k, Y(2k+1)(0) = (−R(0))kAx.

Considering the expantion of Y up to order k we get the following integral
formula.

Theorem 3.1 ([23]). Assume (M,F ) is closed and locally symmetric (i.e.

R
(1)
ċ = 0 for all geodesics c) Finsler manifold. Put

B2k(x) =
(−1)k

(2k)!
(R(0))k, B2k+1(x) =

(−1)k

(2k + 1)!
(R(0))kAx, x ∈M.

Then for any k we have the following integral formula∫
M

∑
‖u‖=k

σu(B1(x), . . . , Bk(x)) dVF = 0,

where VF is Busemann-Hausdorff volume element, u = (u1, . . . , uk) ∈ Nk0 is
a multi–index and ‖u‖ = u1 + 2u2 + . . .+ kuk.

Let us remark, that above formula uses the formula for the higher order
derivatives of the determinant of one parameter family of matrices Y(t)
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such that Y(0) = 0:

dk

dtk
detY (t)t=0 = k!

∑
‖u‖=k

σu(Y (0), Y ′(0), . . . , Y (k)(0)).

In [24] the authors apply these results in the special case of Finsler norm,
namely for the Randers norm. This norm is induced by the Riemannian
metric g and the 1–form ω as follows

F (y) =
√
g(y, y) + ω(y), y ∈ TM \ {0}.

This Finsler structure plays important role in navigation, where we may
treat 1–form ω as a wind.

4. Minimal G–structures

Let us now describe the results concerning minimality of Riemannian
G–structures as submanifolds in the oriented orthonormal frame bundle
SO(M) [17, 18, 19]. Assume (M, g) is an n–dimensional oriented Riemann-
ian manifold with the Levi–Civita connection ∇. Denote by SO(M) the ori-
ented orthonormal frame bundle. Let G be a closed and connected subgroup
of the structure group SO(n). Then there is the following decomposition
on the level of Lie algebras

so(n) = g⊕m, m = g⊥, ad(G)m ⊂ m,

where ⊥ denotes the orthogonal complement with respect to (the negative
of) the Killing form. Assume there is a reduction P ⊂ SO(M) of the
structure group to G. Then, we say that M is a G–structure. For example,
the existence of the reduction gives the following geometric structures:

(1) almost hermitian structure for G = U(n2 ) and n even,
(2) almost product structure for G = SO(m)× SO(n−m),
(3) almost contact metric structure for G = U(n−1

2 )× 1 and n odd,
(4) almost quaternion–hermitian structure for G = Sp(n4 )Sp(1) and n

divisible by 4,
(5) G2–structure for G = G2 and n = 7,
(6) Spin(7)–structure for G = Spin(7) and n = 8.

Denote by ω the connection form on SO(M) of the Levi–Civita connec-
tion. Then we have the following splitting

ω = ωg + ωm.

We say that a G–structure is integrable if the ωm component vanishes. In
particular, if follows that for the integrable G–structure the holonomy is
contained in G. The non–integrability is measured by m–component of
the connection form and mat be alternatively described as follows. Since
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ad(G)m ⊂ m it follows that ωg is a connection form of some Riemannian
connection ∇G on M . The difference

ξ = ∇G −∇
is called the intrinsic torsion and is in fact induced by ωm only. By above
considerations it follows that for a fixed vector field X, ξX is a skew–
symmetric endomorphism of the tangent bundle. We may classify non–
integrable G–structures by studying irreducible G–modules of the space of
possible intrinsic torsions. This space equals T ∗M ⊗ mP , where mP is the
adjoint bundle,

mP = P ×ad(G) m.

Equivalently, we seek for the decomposition of the space (Rn)∗ ⊗ m, where
we treat m as a subspace of Λ2(Rn)∗ ≡ so(n). The irreducible modules are
often called Gray-Hervella classes [13]. The other approach was initiated in
[29, 12]. It relies on the fact that the reduction P gives rise to the unique
section σP of the associated bundle

SO(N)×SO(n) SO(n)/G = SO(M)/G.

Then, we say that a G–structure is harmonic if the section σP is harmonic.
The author suggested another approach by studying minimality of P inside
SO(M). Therefore, we need a Riemannian metric on the orthonormal frame
bundle – it is induced by the Riemanian metric g and the Killing form on
SO(n). We say that a G–structure is minimal if P is minimal in SO(M).

In order to state the main result we need more terminology. For an
endomorphism L : TM → TM define the operator RL by

RL(X) =
∑
j

R(ej , Lej)X, X ∈ TM,

where (ej) is any orthonormal basis. Moreover, define a Riemannian metric
g̃ on M by

g̃(X,Y ) = g(X,Y ) +
∑
j

g(ξXej , ξY ej).

It can be shown that g̃ is a pull–back with respect to σP of the natural
Riemannian metric h on the associated bundle SO(M)/G. Denote by ∇̃
the Levi–Civita connection of g̃.

Theorem 4.1 ([18]). A G–structure is minimal if and only if one of the
following conditions hold

(1)
∑

j(∇ẽjξ)ẽj − ξS(ẽj ,ẽj) = 0 and
∑

j Rξẽj (ẽj) + S(ẽj , ẽj) = 0 where

S = ∇̃ − ∇,
(2)

∑
j(∇ẽjξ)ẽj + ξRξẽj (ẽj) = 0,
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(3) the mapping σP : (M, g̃)→ (SO(M)/G, h) is harmonic.

In the theorem above, (ẽj) is a g̃–orthonormal basis.
It is not easy to find non–trivial examples of minimal G–structures, but

this class in non–empty. See [19] for more details concerning locally confor-
mally Kähler manifolds and α–Kenmotsu manifolds.

5. Entropy of group and pseudogroup actions

The final aspect we wish to indicate is the study of entropy of pseudogroup
actions on Riemannian manifolds and, more generally, on metric measure
spaces. Although this research is not closely related with the ones described
in the previous sections and focuses more on the dynamics rather than on
the geometry, it is worth mentioning due to the fact that correlation between
geometry and dynamics becomes popular and seems to play important role
in the study of both subjects.

For more details and results concerning this section see [4]. For a general
treatment of entropy of groups and pseudogroups see [11], whereas detailed
description of entropy can be found in [28].

For a (local) homeomorphism g of a topological space X denote by Dg and
Rg the domain and the range of g, respectively. By a pseudogroup we mean
a structure Γ of homeomorphisms between open subsets of X satisfying the
following conditions:

(1) if f, g ∈ Γ, then f ◦ g ∈ Γ,
(2) if g ∈ Γ, then g−1 ∈ Γ,
(3) idX ∈ Γ,
(4) if f |Di ∈ Γ for some Di such that

⋃
iDi = Dg then f ∈ Γ.

A pseudogroup Γ is generated by a set G of homeomorphisms if for each f ∈
Γ there exist an open set D and a family of homeomorphisms f1, . . . , fk ∈ G
and exponents e1, . . . , ek such that

f |U = fekk ◦ . . . ◦ f
e1
i |U.

If G is finite we say that Γ is finitely generated. We often assume that the
generating set is symmetric in a sense that idG ∈ G and if f ∈ G then
f−1 ∈ G. Moreover, we put

Gn = {f1 ◦ . . . ◦ fn | fi ∈ G1}.

Let G be pseudogroup of local homoeomorphism of a metric space (X, d)
and assume G is finitely generated by a symmetric set G1. Let us define a
notion of entropy. For ε > 0, n ∈ N and a set E we say that two points
x, y ∈ E are (n, ε, E)–separated by (G,G1) if there exists g ∈ Gn such that



14 Kamil Niedzia lomski

x, y ∈ Dg and d(g(x), g(y)) ≥ ε. Denote by s(n, ε, E) the maximum of
number of elements of (n, ε, E)–separated sets,

s(n, ε, E) = max{]A | A is (n, ε, E)–separated}.
Then the topological entropy of (G,G1) with respect to E is the number

htop((G,G1), E) = lim
ε→0

lim sup
n→∞

1

n
log s(n, ε, E).

Moreover we may define local measure entropy for a metric measure space
(X,µ, d), where µ is a probability measure. As before, G is a pseudogroup
of homeomorphisms of (X, d) and G1 is a finite generating set. For x ∈ X
we put

hGµ (x) = lim
ε→0

lim sup
n→∞

− 1

n
logµ(BG

n (x, ε)),

hµ,G(x) = lim
ε→0

lim inf
n→∞

− 1

n
logµ(BG

n (x, ε)),

where

BG
n (x, ε) = {y ∈ D | d(h(x), h(y)) < ε for h ∈ Gn−1 such that x, y,∈ Dh}.

We cal above quantities the local upper µ–measure entropy and the local
lower µ–measure entropy, respectively. In general, there is no equality be-
tween hGµ (x) and hµ,G(x).

The main two results in [4] generalize analogous known results for a sin-
gle homoeomorphism [15] to a finitely generated pseudogroup and may be
stated as follows.

Theorem 5.1 ([4]). Assume (G,G1) is a finitely generated pseudogroup of
homeomorphisms on a closed and oriented Riemannian manifold M . Let E
be a Borel subset on M and s ∈ (0,∞). If hGµ (x) ≤ s for all x ∈ E, then
htop((G,G1), E) ≤ s, where µ is a measure on M induced by the volume
element.

Theorem 5.2 ([4]). Assume (G,G1) is a finitely generated pseudogroup
of homeomorphisms of compact metric measure space (X,µ, d), where µ is
a probability measure. Let E be a Borel subset of X and s ∈ (0,∞). If
µ(E) > 0 and hµ,G(x) ≥ s for all x ∈ E, then htop((G,G1), E) ≥ s.
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