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ON SOME OPEN PROBLEMS CONNECTED WITH
DISCRETE DYNAMICAL SYSTEMS IN ABSTRACT
ANALYSIS
RYSZARD J. PAWLAK‡ , EWA KORCZAK-KUBIAK‡ , AND ANNA LORANTY‡
Abstract. The paper presents some unsolved problems which have arisen in
the context of the hitherto results obtained by the authors. The main theme
of the paper is the notion of topological entropy in discrete dynamical systems. The presented issues concern functions (and also multifunctions in the
first part) in generalized metric spaces (GMS), with particular emphasis on
Baire spaces, π-unit intervals, m-dimensional topological manifolds and, in
the ending part, on problems connected with real functions. In particular, the
following issues are discussed: infinite topological games, π-unit interval in
the context of transitivity of a function and Devaney’s chaos; points focusing
entropy, unbalanced points and 0-approximate continuity.

1. Introduction.
The theory of discrete dynamical systems is an interdisciplinary area
which takes advantage of research of mathematicians working on different
maths branches. A particular role in the issues connected with this theory
is played by problem of entropy. The notion of entropy was introduced with
respect to the issues connected with thermodynamics as a result of observations concerning energy loss. More information on this topic one can find in
[45] or [50]. In 1948, working in Bell Telephone Laboratories, C. Shannon
was tending to fix a value of a ”lost information”, which led to introducing
the notion of information entropy [61] and in consequence to examination
of entropy connected with invariant measures (see e.g. [63]). Key considerations on topological entropy for discrete dynamical systems are based
‡

Faculty of Mathematics and Computer Science, Łódź University, Banacha 22, 90-238
Łódź, Poland. E-mail: rpawlak@math.uni.lodz.pl.
‡
Faculty of Mathematics and Computer Science, Łódź University, Banacha 22, 90-238
Łódź, Poland. E-mail: ekor@math.uni.lodz.pl.
‡
Faculty of Mathematics and Computer Science, Łódź University, Banacha 22, 90-238
Łódź, Poland. E-mail: loranta@math.uni.lodz.pl.
Key words and phrases: Darboux function, quasi-continuous function, discrete dynamical system, generalized topological space, generalized metric space, set valued functions
game, transitive function, nomadic function, entropy, focal entropy point.
AMS subject classifications: 26A15, 54H20, 54A05, 54C70, 91A05, 91A06, 54C60.

10

R. J. Pawlak & E. Korczak-Kubiak & A. Loranty

on two classic definitions: formulated by R. L. Adler, A. G. Konheim and
M. H. McAndrew ([1]) using the cover theory for compact spaces and by R.
Bowen ([9]) and E. I. Dinaburg ([20]) for suitable metric spaces. Mutual correspondence between these entropies is established by variational principle
([25], [22]). In many papers the notion of topological entropy is connected
with the issues of chaos theory. There are many nonequivalent definitions
of this notion (see e.g. [38], [26]). Many mathematicians are of the opinion that the basic criterion for chaotic dynamical system is positive entropy
of this system (some heuristic justification one can find in [5]). From the
point of view of real functions theory it was somewhat uncomfortable that
in the literature topological entropy is defined for continuous maps, while
metric (Shannon) entropy is defined for measurable functions which may be
strongly discontinuous. Since 2005 the situation has changed thanks to the
paper by M. Čiklová [17]. Simultaneously, the considerations connected with
these issues could be transfer to more general spaces - generalized topological spaces (GTS), which were introduced by A. Császár at the end of 20th
century ([10]). From the classical definition of a topological space we leave
only demands, that empty set is a generalized open set and union of generalized open sets is a generalized open set, too (we remove demands that the
intersection of two generalized open sets is a generalized open set and whole
space belongs to generalized topology). In addition to the theoretical results
connected with generalized topological space we have J. Li’s observations in
[36] connected with relationships between this theory and computer science.
These observations are directly related to information flow (e.g. [53], [54],
[56]). Consequently they have become further motivation to study, among
others, the relationship between generalized topological space and graph
theory (e.g. [40]).
Generalized topological spaces are studied by many mathematicians (e.g.
[10]-[16], [36], [7], [59], [30]). These studies are, for example, associated
with different types of continuity in generalized topological spaces (e.g. [11],
[44], [8], [57], [52]), connectedness (e.g. [12], [21], [52]) or compactness of
generalized topological spaces (e.g. [60], [28], [46]). In any case, one can
prove theorems analogous to well known statements from classical theory of
topology, as well as lead new considerations. This will be visible in the next
parts of this paper.
In 2013, in [30], there was introduced the notion of generalized metric
space (GMS), which on the one side has raised the level of abstraction of the
considerations (with respect to classic metric spaces) and on the other hand
it allowed to introduce the tools (e.g. π-unit interval) giving a possibility
to make nontrivial generalizations. In view of the fact that the problem
of considering topological entropy in the context of discontinuous mappings
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and in the phase spaces formed by GMSs is relatively new, so there arise
many questions which still stay unanswered. This paper aims to present the
scope of these open problems in the context of the results obtained by its
authors.
1.1. Preliminaries and notations. Throughout the paper N denotes the
set of all positive integers and N0 = N ∪ {0}. If X is a nonempty set,
f : X → X is a function and A ⊂ X then the symbol f  A stands for a
restriction of the function f to the set A. Moreover, we shall say that A is an
f -invariant set if f (A) ⊂ A and A f -covers a set B ⊂ X (in short A → B)
f

if B ⊂ f (A). If A → A then we say that A is a set f -covering itself. For
f

any n ∈ N we have that f −n (A) is equal to (f n )−1 (A), where the symbol f n
stands for the n-th iteration of the function f (i.e. f n (x) = f (f n−1 (x)), for
n ∈ N and f 0 (x) = x). If F is any family of subsets of X and Y ⊂ X, then
A|Y = {A ∩ Y : A ∈ F}. Moreover, ρu denotes the metric of the uniform
convergence and Bρu (g, r) – an open ball with respect to the metric ρu with
center at g and radius r > 0.
In this paper we will consider various kinds of functions, for example
continuous functions, Darboux functions or almost continuous in the sense
of Stallings functions. A function f from a topological space (X, τ ) into itself
is almost continuous (in the sense of Stallings) if for any open sets U ⊂ X ×X
containing the graph of f one can find a continuous function g : X → X
whose graph is contained in U . The family of all almost continuous (in the
sense of Stallings) functions will be denoted by A.
Moreover, we will consider discrete dynamical systems. A discrete dynamical system is a pair (X, f ) where X is a nonempty set and f : X → X
is a function. If (X, f ) is a discrete dynamical system and Y ⊂ X is a closed
set which is f -invariant, then (Y, f  Y ) is also a discrete dynamical system.
It is called a subsystem of the discrete dynamical system (X, f ).
1.1.1. Basic notions and properties connected with generalized topological
spaces. Let X be any nonempty set. The symbol P(X) stands for the family
of all subsets of X. We shall say that a family
S G ⊂ P(X) is a generalized
topology in X (in short GT) iff ∅ ∈ G and
Gt ∈ G whenever {Gt : t ∈
t∈T

T } ⊂ G. The pair (X, G) is called a generalized topological space and it is
denoted by GTS. Moreover, if X ∈ G we shall say that (X, G) is a strong
generalized topological space (briefly sGTS) and G is a strong generalized
topology (in short sGT). We will use the symbol Ge to denote the family
G \ {∅} and G(x) to denote {U ∈ G : x ∈ U }.
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The basic definitions in generalized topological spaces are usually formulated in the same way as in topological spaces. For example, an interior of
a set A ⊂ X with respect to G (in short intG (A)) is a union of all G-open
sets B (i.e. B ∈ G) such that B ⊂ A and a closure of a set A ⊂ X with
respect to G (in short clG (A)) is an intersection of all G-closed sets B (i.e.
X \B ∈ G) such that A ⊂ B. It is also worth noting that clG (A) is a G-closed
set, intG (A) = X \ clG (X \ A), clG (A) = X \ intG (X \ A). Moreover we have,
that x ∈ clG (A) if and only if U ∩ A 6= ∅ for any U ∈ G(x) ([14]). Moreover,
we say that A ⊂ X is G-dense if clG (A) = X or equivalently A ∩ U 6= ∅ for
e From now on, the subscript connected with the symbol of a
any U ∈ G.
suitable generalized topology will be omitted when no confusion can arise.
However, despite identical definitions the properties of some mathematical
objects in the case of standard topology may be quite different than the
properties of respective objects in generalized topology. The examples of
such situation are the notions of nowhere dense sets (see remark below the
definition of a nowhere dense set). Of course, there are more differences
between topological spaces and generalized topological spaces. Now, we will
present a few of them. Although the set X is always closed, the empty set is
closed if and only if G is sGT. Moreover, X is open if and only if G is sGT.
The union of a finite number of closed sets does not have to be closed, etc.
In case of topological space (X, τ ), we can define a nowhere dense set in
the following way: a set A ⊂ X is nowhere dense if intτ (clτ (A)) = ∅. This
condition is equivalent to the following one: for any nonempty set U ∈ τ
there exists a nonempty set V ∈ τ such that V ⊂ U and V ∩A = ∅. However,
in the case of generalized topological spaces these conditions lead to different
concepts.
Let (X, G) be GTS and A ⊂ X. We shall say that A is a nowhere dense
set if intG (clG (A)) = ∅ (e.g. [8], [41]). It is easy to see that a subset of a
nowhere dense set is nowhere dense. However, one can observe that there
exist GTS (X, G) and a nowhere dense set A ⊂ X, which does not satisfy
the condition:
for any U ∈ Ge there exists V ∈ Ge such that V ⊂ U and V ∩ A = ∅.
For this reason, in the case of generalized topological space (X, G) one can
consider second type of definition of nowhere density ([30]). We shall say
that A ⊂ X is a strongly nowhere dense set (in short s-nowhere dense set)
if for any U ∈ Ge there exists V ∈ Ge such that V ⊂ U and V ∩ A = ∅.
The following statement shows a significant difference in properties of
nowhere dense sets and strongly nowhere dense sets in generalized topological spaces.
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Theorem 1 ([30]). a
(a) There exists GTS (X, G) and nowhere dense sets A, B ⊂ X such that
A ∪ B is not a nowhere dense set.
(b) For every two strongly nowhere dense sets A and B in an arbitrary
GTS (X, G) the union A ∪ B is a strongly nowhere dense set.
Analogously to the topological case, we shall say that A ⊂ X is a meager (s-meager ) set if there exists a sequence
{An }n∈N of nowhere dense
S
(s-nowhere dense) sets such that A =
An . A set A is called a second
n∈N

category (s-second category) set if it is not a meager (s-meager) set.
The above considerations lead to the different notions connected with the
notion of Baire space in standard topological spaces (see [30]). We shall say
that GTS (X, G) is
a weak Baire space
(in short wBS) if each
set U ∈ Ge is an ssecond category set.

a Baire space (in
short BS) if each U ∈
Ge is a second category set.

a strong Baire space
(in short sBS) if V1 ∩
· · · ∩ Vn is a second
category set for any
V1 , V2 , . . . , Vn ∈ G such
that V1 ∩ · · · ∩ Vn 6= ∅.

It is not hard to observe that if G is a topology then the above notions
are equivalent. In the case of generalized topological spaces they are not.
The detailed considerations of relationships between different kind of Baire
property in GTS are contained in [30] (see also Figure 1)
8@ BS

sBS

&
+3 wBS

Figure 1. The converse implications are not true.
In considerations presented in this paper a special role will be played
by generalized metric spaces, which, obviously, are generalized topological
spaces.
Let X 6= ∅. The space (X, Π) is called a generalized metric space (GMS
for short) if Π is the family of metrics defined on subsets of X, i.e. % ∈ Π
means that one can find a nonempty set A% ⊂ X such that % is a metric on
A% . The set A% is named a domain of %. We will use the symbol dom(%) to
denote the domain of a metric %. If % ∈ Π and B ⊂ dom(%) then the symbol
diam% (B) stands for the diameter of B with respect to the metric %.

14

R. J. Pawlak & E. Korczak-Kubiak & A. Loranty

Because almost all results connected with GMS, which will be considered
in this paper, focused on finite subsets of the family Π (e.g. [30] in the
context of kernel and [52] in the case of base in GMS), from now on we will
assume that Π is a finite family of metrics.
The symbol (X, Π) will always denote GMS. We will say that a set A ⊂ X
is open if for each x ∈ A there exist % ∈ Π and ε > 0 such that x ∈ dom(%)
and the set B% (x, ε) = {y ∈ dom(%) : %(x, y) < ε} is contained in A. We
will denote by γΠ the family of all open sets in (X, Π). It is easy to check
that if (X, Π) is GMS then (X, γΠ ) is GTS.
2. S-F game (set valued function game).
Let (X, Π) be GMS. In this section we will consider multifunctions Φ :
X ( X such that Φ(x) 6= ∅ for any x ∈ X. If Φ1 , Φ2 : X ( X are
multifunctions such that Φ1 (x) ⊂ Φ2 (x) for any x ∈ X the we will write
Φ1 @ Φ2 .
We will say that a nonempty open set U ⊂ X is a fixed set of a multifunction Φ : X ( X if U ⊂ Φ(x) for any x ∈ U (each set {x} (x ∈ U ) Φ-covers
U ). Clearly, there are multifunctions without a fixed set. The family of all
multifunctions Φ : X ( X having a fixed set will be denoted by FIX(X).
We will say that a sequence {Φn }n∈N0 of multifunctions s-converges to a
multifunction Φ (denoted Φ = LIM Φn ), if
n→∞

∞ \
∞
[
n=0 k=0

Φn+k (x) =

∞ [
∞
\

Φn+k (x) = Φ(x)

n=0 k=0

for any x ∈ X.
Similarly to the case of classical topological spaces one can consider infinite topological games in GMS. One of such games will be described below.
Consider a game played by three players κ, l and p, who choose alternately
multifunctions according to fixed rules (see [30]). Player κ either choose first
or after the player p. Player p either choose first or after the player l and
player l either choose first or after the player κ.
Put Φ0 (x) = X for x ∈ X and fix the first player. The game is played as
follows:
• the first player chooses a multifunction Φ1 ∈ FIX(X) such that
Φ1 @ Φ0 ,
• the second player chooses a multifunction Φ2 ∈ FIX(X) such that
Φ2 @ Φ1 ,
• the third player chooses a multifunction Φ3 ∈ FIX(X) such that
Φ3 @ Φ2 ,
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• the first player chooses a multifunction Φ4 ∈ FIX(X) such that
Φ4 @ Φ3 ,
etc.
In order to make further notation clear, we will sometimes use upper index
κ (p or l) to denote a multifunction chosen by κ (p or l), i.e. writing Φn = Φκn
for some n ∈ N we have in mind that the multifunction Φn was chosen by
the player κ.
Obviously {Φn }n∈N0 is a decreasing sequence (i.e Φn+1 @ Φn for n ∈ N0 )
of multifunctions having a fixed set. The rules winning are the following:
the player κ wins in S-F game if the sequence {Φn }n∈N0 is s-convergent to
a multifunction Φ ∈ FIX(X), the player l - if the sequence {Φn }n∈N0 is sconvergent to a multifunction Φ 6∈ FIX(X) and the player p - if the sequence
{Φn }n∈N0 is not s-convergent.
Considerations regarding infinite games are connected, among others,
with building or examining the existence of winning strategies for individual
players. In our case we will start with a definition of a notion of winning
strategy (see [30]).
The partial play in S-F game for the player κ (l or p) is a finite sequence
of multifunctions {Φ0 , Φ1 , . . . , Φn } ⊂ FIX(X) such that
Φn @ Φn−1 @ · · · @ Φ1 @ Φ0
Φpn

and Φn =
(Φn = Φκn or Φn = Φln ). Moreover, if the player κ (l or p)
chooses first then the sequence {Φ0 } is the partial play in S-F game for the
player κ (l or p). The set of all partial plays in S-F game for the player κ (l
or p) will be denoted by APG(κ) (APG(l) or APG(p)).
The strategy in S-F game for the player κ (l or p) is a function ξ :
APG(κ) → FIX(X) (ξ : APG(l) → FIX(X) or ξ : APG(p) → FIX(X)),
such that for n ∈ N we have
ξ({Φ0 , Φ1 , . . . , Φn }) @ Φn .
We shall say that a strategy ξ : APG(κ) → FIX(X) (ξ : APG(l) →
FIX(X) or ξ : APG(p) → FIX(X)) is winning in S-F game for the player κ
(l or p) if for any decreasing sequence of multifunctions {Φn }n∈N0 ⊂ FIX(X)
such that for any n ∈ N if {Φ0 , Φ1 , . . . , Φn−1 } ∈ APG(κ) ({Φ0 , Φ1 , . . . , Φn−1 } ∈
APG(l) or {Φ0 , Φ1 , . . . , Φn−1 } ∈ APG(p)) then Φn = ξ({Φ0 , Φ1 , ..., Φn−1 })
we have that the sequence {Φn }n∈N0 is s-convergent to Φ ∈ FIX(X) ({Φn }n∈N0
is s-convergent to Φ 6∈ FIX(X) or {Φn }n∈N0 is not s-convergent).
The following theorems are some examples of relationships between the
existence of a winning strategy in S-F game and Baire spaces ([30]).
Theorem 2. If the player κ does not choose first in S-F game and κ has a
winning strategy in S-F game then (X, γΠ ) is a strong Baire space.
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Theorem 3. If the player l chooses first in S-F game and there is no winning
strategy in S-F game for the player l then (X, γΠ ) is a Baire space.
Theorem 4. If (X, γΠ ) is a Baire space with no isolated points then there
is no winning strategy in S-F game for the player p.
Outline of the problem: From the point of view of hitherto research
within this scope, it seems to be interesting to modify S-F game in such a
way that the issues regarding discrete dynamical systems would become a
basis of considerations. In particular, it would be interesting to analyse a
game connected with the notion of entropy (or chaos). There are various
possibilities of doing that; below we will present one of them. For this
purpose, let us make some additional assumptions:
Assume that GMS (X, Π) is such that intersection of each centered family
of closed sets in this space is nonempty and for each multifunction Φ : X (
X we have that Φ(x) is a closed set for any x ∈ X.
Now, we consider a new game. We still have the three players κ, l and
p and the same game’s rules as in S-F game. Similarly to S-F game the
three players playing in new game also construct a sequence {Φn }n∈N0 of
multifunctions. However, we change the winning rules.
• the player κ wins if an entropy of the multifunction LIM Φn is equal
n→∞
to ∞,
• the player l wins if an entropy of the multifunction LIM Φn is finite
n→∞
and greater than 0,
• the player p wins if an entropy of the multifunction LIM Φn is equal
n→∞
to 0.
Since in winning rules we consider an entropy of a multifunction, so let us say
that the new game will be called E-S-F game (Entropy Set Valued Function
Game).
Obviously, in this case there arises a question on a definition of entropy for
multifunctions. There are various possibilities within this scope (e.g. [34],
[35], [40]). For example, one can consider a multifunction Φ as a function
in the space of compact sets (the generalized Vietoris topology in GTS has
been considered in [40]) restricted to the subsets consisting of all singletons
of this space. Another possibility is to consider generalized entropy whose
definition was introduced in [40]. Notice that if we take into account the
concept of generalized entropy introduced in [40], with certain assumptions
regarding the considered spaces, then we can show
If the player κ wins in S-F game, then he wins in E-S-F game.
Thus, assuming that we have some kind of a generalized entropy for multifunctions we can examine consider the existence of winning strategies in
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E-F-S game. This problem is formulated below. Perhaps, a solution to this
problem will need some modifications of existing definitions.
Problem 1. Examine the existence of a winning strategy for each player in
E-F-S game.
3. π-unit interval, transitivity and Devaney’s chaos.
In the further part of the paper we will restrict our considerations to functions, however the issues regarding transitive and nomadic multifunctions in
generalized topological spaces are also examined (e.g. [41], [42], [58]).
In the theory of discrete dynamical systems an important role is played by
the notion of Devaney’s chaos ([19], [4], [62], [3], [5]), and within this notion
also by the notions of transitive functions or nomadic ones. The nomenclature within this scope is not uniform, so in order to avoid misunderstandings
we will present both definitions.
Let X be GTS. We shall say that a function f : X → X is transitive if
for any pair of nonempty open sets U, V ⊂ X there exists k ∈ N such that
f k (U ) ∩ V 6= ∅. A function f : X → X is nomadic if there exists a point
x0 ∈ X whose orbit {f n (x0 ) : n = 0, 1, 2, . . . } is dense in X.
The connection between transitive and nomadic functions were investigated by many mathematicians (e.g. [18], [43], [47], [55]). These two notions
are independent in general, even if we restrict considerations to topological
spaces. In [55] one can find the example of a nomadic function which is not
transitive. On the other hand there exists a transitive function which is not
nomadic (see [18]). But, in some cases these two notions are equivalent (see
e.g. [18], [47]). Some survey connected with transitivity one can find in [29].
In particular, the following fact is well known:
Theorem 5. Let f : [0, 1] → [0, 1] be a continuous function. Then f is
transitive if and only if it is nomadic.
In 1999 A. Paris proved quite surprising result: the above theorem stays
true if a considered function is discontinuous at exactly one point, but becomes false if a function has more than one discontinuity point. On the
other hand, the analysis of many examples has shown that the equivalence
of these notions, obviously with some additional assumptions, is possible
also for functions having “big” sets of discontinuity points. More thorough
research has shown that one of the key properties in these considerations is
the Darboux property. What is more, if we “spoil” this property at finite
number of points it may not have an influence on the equivalence of these
notions. These results led to distinguishing some kind of spaces called πunit intervals, where π is a finite family of special metrics in [0, 1], so-called
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almost natural metrics. Thus, let us start with presenting notions of an
almost natural metric and a π-unit interval.
An almost natural metric connected with the interval [a, b] ⊂ [0, 1] (a < b)
is the metric σ[a,b] defined in the following way:
(
|x − y| if x, y ∈ [a, b] or x, y ∈
/ [a, b],
σ[a,b] (x, y) =
1
otherwise.
From now on, writing σ[a,b] we will assume that a < b. Clearly, in this
case we can obtain for example the following situation:
σ[a,b] (y, z) = 1
0 x

y

σ[a,b] (x, y) = |x − y|

a

z

t

b=1

σ[a,b] (z, t) = |z − t|

Figure 2. The examples of some distances between points
in the metric σ[a,b]
In paper [52], generalized metric spaces connected with metrics of the
form σ[a,b] were investigated. Such kind of GMS is called π-unit interval.
More precisely, we may assume that GMS ([0, 1], π) is a π-unit interval if π
consists of a finite number of almost natural metrics of the form σ[a,b] . From
now on, writing ([0, 1], π) we have in mind a π-unit interval.
It is worth to focus for a moment our attention on motivation of considering π-unit intervals and generalizations of existing theorems with respect
to these spaces. Consider the function f presented in the picture (Figure 3).
The function f is continuous on the intervals [0, a], (a, b), [b, 1] and has the
Darboux property. In the picture, the graph of f  [a, b] is drawn by a dotted line and the function may be defined in such a way that it becomes for
example a derivative or an approximately continuous function, depending
on the requirements. Since most of theorems connected with chaos theory
require continuity of functions, we can not use them with respect to the
above-described function defined on [0, 1]. However, if we consider the πunit interval, where π = {σ[0,a] , σ[b,1] }, then f : ([0, 1], π) → ([0, 1], π) is
continuous and we may use generalized theorems.
It is worth adding that the interval [0, 1] is obviously a π-unit interval for
π = {σ[0,1] }.
We now turn to the main considerations connected, among others, with
Darboux functions (i.e. functions mapping connected sets onto connected
sets) or quasi-continuous functions. A function f : ([0, 1], π) → ([0, 1], π) is
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Figure 3. The example of the continuous function
f : ([0, 1], π) → ([0, 1], π)
quasi-continuous at x0 ∈ [0, 1] if for any open sets U, V such that x0 ∈ U ,
f (x0 ) ∈ V there is a nonempty open set W ⊂ U such that f (W ) ⊂ V .
Obviously, f is quasi-continuous if it is quasi-continuous at each point.
Moreover, let the symbol B π stand for a family of all functions
f : ([0, 1], π) → ([0, 1], π) with a countable and f -invariant set of discontinuity points.
In paper [52] one can find the following property
Theorem 6. Let f : ([0, 1], π) → ([0, 1], π) be a quasi-continuous Darboux
function. Then f is transitive if and only if it is nomadic.
Taking into account the above considerations one can formulate the following:
Problem 2. Let P be a property of a function mapping GMS (X, π) into
itself. What kind of assumptions should we impose on a function f : [0, 1] →
[0, 1] to obtain the existence of a finite family π consisting of almost natural
metrics such that the function f : ([0, 1], π) → ([0, 1], π) has the property P?
It is worth adding that one can find a function f : [0, 1] → [0, 1] which is
not Darboux with respect to the natural metric and such that there exists a
finite family of metrics π for which the function f : ([0, 1], π) → ([0, 1], π) is
a quasi-continuous Darboux function. For example, for the function whose
graph is presented in the picture (Figure 4) it is enough to consider π =
{σ[a,1] }.
In general, the notion of chaos is connected with many definitions, often
non-equivalent. The most popular concept, so-called Li-Yorke’s chaos, appeared in 1975 ([37]). In 1989 Devaney introduced new definition of chaos
based on the notion of sensitivity ([19], [27]). The breakthrough in research
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Figure 4. The example of the quasi-continuous and Darboux function f : ([0, 1], π) → ([0, 1], π)
regarding relationships between Li-Yorke’s chaos, Devaney’s chaos and topological entropy came in 2002 ([6], [23]). Moreover, although the condition
called “sensitive dependence” was thought to be fundamental for Devaney’s
chaos, it occured that transitivity and density of periodic points of a function
implies this condition ([4], [24], [64]).
In a natural way, all the above-mentioned notions may be formulated in
GMS (see [52]).
A function f : ([0, 1], π) → ([0, 1], π) has the property SDIC (sensitive dependence on initial conditions) if there exists λ0 > 0 such that
for any t ∈ [0, 1] and V ∈ γπ (t) there are z ∈ V and m ∈ N such that
diamπ ({f m (t), f m (z)}) > λ0 , where diamπ (A) = max{diamρ (A) : ρ ∈ π}.
We shall say that f : ([0, 1], π) → ([0, 1], π) is chaotic in the sense of
Devaney if f is transitive, the set of all periodic points of f is dense and f
has the property SDIC. Consequently one can prove ([52])
Theorem 7. Let f : ([0, 1], π) → ([0, 1], π) be a Darboux function such that
f ∈ B π . Then f is transitive if and only if it is chaotic in the sense of
Devaney.
The next theorem presents the relationship between Devaney’s chaos and
an entropy of a function in the classical case ([39]).
Theorem 8 (Li Theorem). Let f : [0, 1] → [0, 1] be a continuous function.
An entropy of a function f is greater than 0 if and only if there exists a
subsystem of the discrete dynamical system (X, f ), which is chaotic in the
sense of Devaney.
And what about the case of a space ([0, 1], π)? Before we formulate an
respective problem, we need to know how to compute an entropy of a function defined on a generalized topological space. For this purpose, we will
present briefly the concept of an entropy of a function described in [50] (the
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definition is close to that presented in [2], with a slight modification allowing to consider more abstract cases). Let X be a nonempty set. Denote the
family of all covers of X having finite subcover by Λ(X). If λ ∈ Λ(X) then
the symbol N (λ) stands for the minimal possible cardinality of subcover of
λ.
For any finite sequence of covers λ1 , . . . , λn ∈ Λ(X) we denote
(n
)
n
_
\
λi = λ1 ∨ λ2 ∨ . . . ∨ λn =
Ai : Ai ∈ λi , i = 1, 2, . . . , n .
i=1

i=1

Let λ ∈ Λ(X). For any n, k = 1, 2, . . . we use the following notations
f

−k

(λ) = {f

−k

n

(A) : A ∈ λ} and λ =

n−1
_

f −k (λ).

k=0

An entropy of f with respect to Λ(X) is the following number
hΛ (f ) = sup{h(f, λ) : λ ∈ Λ},
where

1
log N (λn ).
n→∞ n
If we consider phase spaces X with some structure of open sets (e.g. sGTS
with a generalized topology G), then as a family Λ(X) we will consider the
family of all open covers containing finite subcovers (one of such families is
{X}). Obviously, if X is a compact space then Λ(X) may be the family of
all open covers.
h(f, λ) = lim sup

Problem 3. For which finite families π, consisting of almost natural metrics, the following generalization of Li Theorem is true?
Let f : ([0, 1], π) → ([0, 1], π) be a continuous function. Then hΛγπ ([0,1]) (f ) >
0 if and only if there exists a subsystem of the discrete dynamical system
([0, 1], f ), which is chaotic in the sense of Devaney.
4. Focal entropy points.
The analysis of different examples of functions leads us to the interesting observation that entropy of a function, may be focused at a one point.
The problematic question here is the meaning of the expression “entropy is
focused around a point”. It leads to various approaches to this issue ([65],
[31], [49], [51]). One of new approaches was presented in [32]. There were
two basic reasons for research connected with that paper. The first one will
not be visible in this part of the paper, although it is a natural consequence
of earlier considerations. We wanted to be able to use our solution to the
phase spaces equipped with a generalized topology. The second reason is
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more complex and regards some expectations connected with such points.
Unlike to the so-called full entropy points [65] it seems appropriate to assume
that the essence of this point should be connected only with the behaviour
of functions close to either this point or value of functions at this point.

Figure 5. The point 0 is a full entropy point of f
Let us look at the picture (Figure 5). We have a sequence of squares
“converging” to the point (1, 1). In the successive squares we see the graph
of the function f which is defined in such a way that its entropy is infinite.
In the case of this example 0 is a full entropy point, but the second iteration
transfers each neighbourhood of 0 far away from 0 and from the value of
f at 0 - to the interval [ 43 , 1] and moreover it will never come back to the
neighbourhood neither of 0 nor value of f at 0. Actually “the behaviour of
function” in neighbourhood of 1 is essential for the fact that 0 is full entropy
point. We wanted to avoid such a situation.
Now, we will present a definition of points fullfilling the above presented
assumptions. Let A be the family of arcs. It is worth adding that instead
of arcs we can consider other families of sets, for example open intervals or
Borel sets. Put
ϑA = {(A1 , ..., Am ) : m ∈ N ∧ A1 , . . . , Am ∈ A ∧ Ai ∩ Aj = ∅ if i 6= j}
and consider for any A = (A1 , ..., Am ) ∈ ϑA the matrix MA,f = [mi,j ]i,j≤m
defined in the following way:

1 if Ai → Aj ,
f
mi,j =
0 if Aj \ f (Ai ) 6= ∅.

On some open problems connected with dynamical systems in abstract analysis 23

For simplicity of the notation we will adopt agreement: log 0 = 0, 00 = 1,
∞
∞ = 1.
A generalized entropy of f with respect to the sequence A = (A1 , ..., Am ) ∈
ϑA is the number


q
k
k
Hf (A) = log lim sup tr (MA,f ) ,
k→∞

tr (MkA,f )

where
is a trace of the matrix MkA,f (cf. [40]).
Let Y be an open set. By ϑYA we will denote the family of all finite
sequences of sets from A contained in Y such that their closures are pairwise
disjoint.
An entropy of f on Y with respect to the family A is given by the following
formula:
1
Hf (Y ) = sup{ Hf n (A) : n ∈ N ∧ A = (A1 , ..., Am ) ∈ ϑYA }.
n
Define a density of an entropy of a function f at a point x0 in the following
way:


Hf (Y )
Ef (x0 ) = inf
: Y is an open neighborhood of x0 ,
h(f )
where h(f ) denotes an entropy of f .
We shall say that x0 is a focal entropy point of f if Ef (x0 ) = 1. We will
denote the set of all focal entropy points of f with respect to the family A
by EA (f ).
The above definition is quite complicated, so it is natural to ask a question
whether such kind of points exist. The next theorem shows that each continuous function mapping the unit interval into itself has such a point ([32]).
Theorem 9. If f : [0, 1] → [0, 1] is a continuous function, then there exists
a focal entropy point of f .
In [32] this theorem is presented for edge periodic tree function. The
proof of the above theorem is quite complex. For that reason, the following
problems seems to be difficult, but interesting in the same time.
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Problem 4. a
(1) For what kind of spaces, different from [0, 1] and topological trees, is
the above theorem true?
(2) Will the above theorem still be true if we replace the assumption of
continuity of f with almost continuity of f ?
In many considerations connected with discrete dynamical systems, a special role is played by fixed points of a function (the last of above-presented
problems not by accident concerns almost continuous functions, because
such functions defined on a space with a fixed point property have at least
one fixed point). Obviously, not each fixed point is a focal entropy point.
Moreover, one can find the examples of continuous functions f : [0, 1] → [0, 1]
such that no fixed point of a function is its focal entropy point, although
Theorem 9 guarantees that a function has at least one focal entropy point.
However, it turns out that we can improve this situation. Let us start with
explaining a notion of a “function improvable (with respect to focusing entropy) at a point x0 ”. In order to shorten the notation we will simply write
“function improvable at a point x0 ”.
Let (X, ρ) be a metric space. We say that a function f : X → X is
improvable at a point x0 ∈ X if for any  > 0 there exists a function g :
X → X such that x0 ∈ EA (g), ρu (f, g) <  and O(f, g) ⊂ Bρ (x0 , ), where
O(f, g) = {x ∈ X : f (x) 6= g(x)} and Bρ (x0 , ) = {x ∈ X; ρ(x0 , x) < }.
It is important for us to fix a set with respect to which a given function
is improvable. It leads to the next definition.
If A ⊂ X is a set f -covering itself and x0 ∈ A, then we say that a function
f is improvable at a point x0 with respect to the set A if for any  > 0 there
exists a function g : A → A such that x0 ∈ EA|A (g), ρu (f  A, g) <  and
O(f  A, g) ⊂ Bρ (x0 , ).
In the next theorem we will consider X being m-dimensional manifold
with boundary. Let Int(X) denote the set of all interior points of a manifold
X and δX - the boundary of X.
Theorem 10. Let (X, ρ) be a compact metric space and an m-dimensional
manifold with boundary. If f : X → X is a continuous function and x0 is a
fixed point of f then the function f is improvable at x0 . Moreover,
(i) if x0 ∈ Int(X) and Int(X) is a set f -covering itself, then f is improvable at the point x0 with respect to Int(X),
(ii) if m > 1, x0 ∈ δX and δX is a set f -covering itself, then f is
improvable at the point x0 with respect to δX.
This theorem leads to obvious questions which have not been answered
yet.
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Problem 5. a
(1) Will Theorem 10 stay true if we assume that f is an almost continuous function?
(2) Will Theorem 10 stay true if we assume that f is an almost continuous function and x0 is a pseudo-fixed point of f (i.e. x0 is a limit
of fixed points of f ).
Let now turn to a situation when the fact that a point x0 is an focal
entropy point of f is so strong that it causes an effect of a black hole, i.e.
x0 is a focal entropy point of each function which is close enaugh to f .
Simultaneously, such a situation would be particularly interesting if on a
“big” set in each neighbourhood of x0 the function f would be predictable
as strong as possible (e.g. constant). Such an approach led to the following
definition ([33]):
Let f : [0, 1] → [0, 1] be a function such that h(f ) > 0. We say that a
point x0 ∈ (0, 1) (respectively x0 = 0, x0 = 1) is an unbalanced point of f if
(a) f is approximately constant at x0 , i.e. there is a Lebesgue measurable
set A such that x0 is a density point of A (respectively x0 is a right
density point of A, x0 is a left density point of A) and f (x) = f (x0 )
for x ∈ A;
(b) there exists σ > 0 such that for any g ∈ Bρu (f, σ) ∩ A we have that
g has a positive entropy and x0 ∈ EA (g).
Denote by U(f ) the set of all unbalanced points of f .
During the conference Foliations 2016 in July 2016 in Będlewo, prof. P. Walczak formulated the following question:
How big may be the set U(f ) for a function f : [0, 1] → [0, 1]?
The above problem has hitherto been partially solved with respect to Darboux functions f : [0, 1] → [0, 1] belonging to the class B∗∗
1 (in short f ∈
∗∗
DB1 ). Let us recall that f : [0, 1] → [0, 1] belongs to the class B∗∗
1 if the set
of all discontinuity points of f (denoted by Df ) is empty or f restricted to
the closure of Df is continuous ([48]).
The following result will be contained in the paper which is being prepared
for publication:
Theorem 11. For any α ∈ [0, 1) there exists a function f ∈ DB∗∗
1 such that
λ(U(f )) = α (where λ denotes the Lebesgue measure).
The following problems are still open:
Problem 6. Are the following sentences true:
(a) There exists a function f ∈ DB∗∗
1 such that λ(U(f )) = 1.
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(b) For any α ∈ [0, 1] there exists almost continuous in the sense of
Stallings function f : [0, 1] → [0, 1] discontinuous everywhere such
that λ(U(f )) = α.
In the context of the above issues, there were also considered 0-approximate
continuity points. We say that f is 0-approximately continuous at x0 if there
is a Lebesgue measurable set A such that entropy of f  A is equal to 0, x0
is a density point of A and f (x0 ) = lim f (x).
A3x→x0

In September 2016 during 30th International Summer Conference on Real
Functions Theory in Stará Lesná prof. W. Wilczyński asked the following
question
Quarry. How big may be the set of approximate continuity points of a function f which are not its 0-approximate continuity points?
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